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1. Introduction
Let G be a compact l-connected Lie group. A well-known theorem of Serre
and Kumpel states that G is p-equivalent to a product of spheres for a sufficiently
large prime p [10, 14]. Many people have studied other decompositions of G when
p is small. Fairly complete results are now known and can be found, for example,
in [6, 7, 12, 13, 15, 16]. More generally, Harper [8] shows that for a large prime p
a connected finite H-space is p-equivalent to a product of spheres and generalized
Lens spaces. From the result one can see, for instance, that the projective unitary
group PSU(p) is p-equivalent to SU(p -1) X S2P-l/7Llp.
One might ask if any of these decompositions is a result of a mod p splitting on
the level of classifying spaces. After all, this is what happens in rational
homotopy. Moreover, even simple Lie groups sometimes have mod p retracts
that are loop spaces. Our main result shows that the corresponding retractions are
not loop maps. It also illustrates the rigid p-Iocal structure of certain classifying
spaces.
Theorem 1.1. If G is a compact connected simple Lie group, then the classifying
space BG has no nontrivial retracts at any prime p.
Some cases of Theorem 1.1 were previously known. Ewing [5] showed that the
Serre-Kumpel decomposition is not multiplicative. In [9], the author obtained
non-splitting results in the special case of BSU(n).
Our proof uses K-theory with coefficients in 7L.P ' the ring of p-adic integers. The
main step involves showing that the A-ring K(BG; 7L.p ) does not have any
nontrivial retracts. To do this we use results of Adams [1] and Wilkerson [17]. For
most primes p, Theorem 1.1 could also be proved showing that the singular
cohomology H*(BG; IFp) has no nontrivial A *-retracts, There do, however, exist
* Present address: Department of Mathematics, University of Chicago, Chicago, IL 60637, U.S.A.
0022-4049/87/$3.50 © 1987. Elsevier Science Publishers B.V. (North·Holland)
254 Ki Ishiguro
some exceptions. For instance, one can show that the A *-algebra
H*(BSU(n); IFp) has a nontrivial retract if (n, p) = (3, 3) or (4,2).
2. Proofs
Recall that K(BTn;Zp) is the ring of power series Zp[[Xl> ... , xnll where each
gj = x· + 1 is the pullback of the Hopf line bundle over er: via the ith projection
I A
map. Let W be a subgroup of GL(n; z,p). Then W acts naturally on the
Eilenberg-MacLane space K«Zpt, 2) and hence on the K-theory K(Brn; Z ).
A P
We will study this action in detail. First let V k K(BTn ; z'p) be the module of
line bundles; that is, V is the free Zp-module of rank n such that
Here g" means t/J"g for an (extended) Adams operation t/J". The 'addition' in this
module of line bundles is given by the formula
l:"1l:"2 • • • l:"n '+' l:f31l:(32 • • • l:f3n = l:"1+f31l:"2+f32 • • • l:"n+f3/1~1~2 ~n ~1~2 ~n Sl ~2 Sn'
The ring z, acts on the module via the Adams operations so that
The action of the group W can be understood using the following example: In the
case n = 2, the action of a matrix (~ ~) is
Thus we see that the module V is a representation space for the group W. It plays
the same role in K-theory that H 2(BT n ; IFp) plays in singular cohomology. The
ring of invariants in K(BTn ; :ip ) for the group W will be denoted by
K(BTn ; Zp)w. For more details on this action in K-theory, see [1] and [17]..
We need some elementary results from representation theory and Galois
theory.
Lemma 2.1. Let W be a finite subgroup ofGL(n; Zp) and let W' be any subgroup
of GL(m; Zp). Assume that in the category of A-rings we have the following
commutative diagram: .
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K(BT"; Zp)~ K(BTm ; Zp)
r r
K(BT"; Zp)W~ K(BTm ; Zp)W'
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where the vertical maps are the inclusions. Then for any w' E w' we can find
wE W such that w'ep = epw.
Proof. Since K(BT"; Zp) is a ring of power series, it is integrally closed. Hence so
is K(Br; Zp)w. Since ep is a A-ring homomorphism, this map is linear on the
module of line bundles V. Thus for any Wi E W'the product w'¢ restricted to V
means the matrix multiplication. Notice that the maps w'¢ and ep are the same on
K(BT"; Zp)w. Lang [11, Corollary 1, p. 247] shows that there exists an automor-
phism a of the field of fractions q(K(BT"; Zp» over another field
q(K(BT"; Zp)w) such that w'ep = ¢u. According to [2, Chapter 5, p. 34], we see
that q(K(BT"; Zp)w) = q(K(Br; Zp»w since W is finite. Thus the automorphism
a is contained in W. This completes the proof. 0
Lemma 2.2. Let W be a finite subgroup of GL(n; Zp). If the A-ring K(BT"; Zp)w
has a nontrivial retract, then the representation of W on V 0,2 0 is reducible,p p
where Op is the field of p-adic numbers.
Proof. Suppose that R is a nontrivial retract of K(BT"; Zp)w as a A-ring such that
R ~ K(BT"; Zp)w
with r» i = lR' Wilkerson [17, Theorem 4.1] shows that the composite A-map
ior'K(BT"'Z )w~K(Br·Z)w• , p , p
extends to a A-map
As we have seen, the module of the line bundles V is a representation space fo,
the group W. Equivalently V is a module over the group ring ZAW]. Note that
the image ¢(V) is included in V since ¢ is a A-map. We claim that ¢(V) is a
Zp[W]-submodule of V. By Lemma 2.1, in fact, for any w1E W we can find
w2 E W such that w1ep = epw2 • Thus for any v E Vwe see that w1¢(v) = ep(w2v) E
ep(V). Hence W acts on ep(V).
Since the retract R is nontrivial, the Op-vector space ¢(V) ® o, should be a
nonzero Aproper s~bspace of V 0 Op. Actually, if ¢(V) = 0, then R 'ii!E Zp. If
ep(V)® Op = V ® Op, then we would have the following commutative diagram:
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K(BTn ; lp) --------, K(BTn ; lp)
i r
xier; Zp)w~R~K(Brn; Ip)w
where the map <p and the vertical maps are injective. This would imply that the
A-map r is an isomorphism. This contradicts our assumption. Therefore we
conclude that the representation of W over 01' is reducible. This completes the
proof. D
Proof of Theorem 1.1. First we show that K(BG; II') has no nontrivial retracts as
a A-ring. Let W be the Weyl group of G. It is known that for any prime p we have
K(BG; II') == K(Br; Ip)w where t" is the maximal torus. By Lemma 2.2, it
suffices to prove that the representation of Won V O 2 0, is irreducible.p f
Recall that if U =: ( g~l ... g~n E V Iat E Z}, then the Weyl group W acts on U.
Since G is simple, the representation of W on U 0 z C is irreducible [4, Chapter
3]. Here let X denote the character of a representation over some field of
characteristic O. The representation over the algebraically closed field is irreduc-
ible if and only if the inner product (X, X) is equal to 1. Thus it follows that the
representation of W over the algebraic closure of 01' is irreducible, and so is the
representation of W over Op.
Next suppose that a space X is a retract of the p-localized space BG(p) such that
with 1T° i = 1x- We first assume that K(X; Zp) == Zp. The Chern character
ch: K(BG; Op)~Iln H 2n(BG; 01') is an isomorphism. Since ch is a natural
transformation, we have the following commutative diagram:
In this diagram the vertical maps are injective. Since K(X; Op) is trivial, so is
H evef1(X; 01')' We notice that H*(X; 01') is a retract of H*(BG; 01')' which is the
ring of PAolynomials generated by even-dimensional elements. It follows that
Hodd(X;Op) =: O. Thus X is rationally contractible.
We notice that tiX is a mod p finite H-space since this space is a p-local retract
of the compact connected Lie group G. Browder [3, Corollary 7.2J shows that the
Poincare duality theorem holds for arcwise connected H-spaces with finitely
generated integral homology. His result is valid for mod p finite H-spaces with
minor modification. This fact and the universal-coefficient theorems tell us that
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H*(flX; l(p») ::::: O. Otherwise, for some m > 0 we would have Hm(flX; Z(p») ==
7L(p)' This would contradict our result that X is rationally contra~tible. Applying
the Serre spectral sequence of the path fibration, we see that H*(X; Z(P») ::::: O.
Since X is L-connected, this space must be contractible at p.
Now we consider the other extreme, namely the case that
1T*: K(X; I p)- K(BG; I p) is an isomorphism. Note that K(BG; Zp) is th~ ring
of formal power series generated by finitely many elements. If K(BG; l p ) :::::
Zp[[x1 , •• ',,' xn]], then ~(BG;Op) = liJp[[x p ... , xn]]. Thus, one can see that
1T*: K(X; liJp) -7 K(BG; Op) is also an isomorphism. The Chern characters and
the fact that HOdd(BG; Op) = 0 tell us that 7T*: H*(X; Op)-7 H*(BG; Op) is an
isomorphism. Since BG is l-connected, the retraction 7T is a rational equivalence.
Consequently the homotopy fibre Pof 7T is rationally contractible. Notice that flF
is a retract of G. Replacing X by F in the previous paragraph, we obtain that
H*(F; Z(p») =O. Considering the following long exact sequence of homotopy
groups:
we see that 7T1(F) =0 since the homomorphism 7T* is onto and 7T1(BG) == O. Since
F is l-connected, the fiber of the retraction 7T is contractible at p. We therefore
conclude that X is p-equivalent to BG. This completes the proof of our
theorem. 0
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